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Ascent or Descent from Satellite Orbit by Low Thrust

Youn Y. Sar* anp Marmin C. EcksTEINT
Douglas Aircraft Company Inc., Santa Monica, Calif.

The problem of ascent or descent from an initially Keplerian orbit by a constant low thrust
is investigated by the two-variable expansion procedure. The slowly varying elements of the
Keplerian orbit are explicitly computed, and a simple integral relating the eccentricity and
semimajor axis is derived and used to justify the omission of higher order terms in the eccen-
tricity for ascent from almost circular initial orbits. The corresponding assumption for
descent from an almost circular orbit is shown to be inconsistent. The present higher order
theory that is valid for arbitrary initial eccentricities is shown to contain earlier results for
circular starting orbits and gives simple explicit formulas for the solution at small eccentrici-
ties. The present results do, however, suffer from the deficiency of earlier solutions in that
the validity is restricted to periods before escape velocity is reached for the case of ascending

orbits.

1. Introduction

HE problem of ascent from circular orbit by a small
thrust in either the radial or circumferential directions
was first investigated by Tsien.! Tsien gave an exact solu-
tion for the case of radial thrust and developed an approxi-
mate first-order solution for the circumferential thrust case.
Recently, Ting and Brofman? extended Tsien’s solution
to one higher order and allowed the thrust to be arbitrarily
oriented while remaining constant. Their approach consists
of splitting the dependence of the radius into oscillatory and
non-oscillatory parts and using an expansion procedure com-
bining the features of singular perturbations and the method
of averaging. More recently, Nayfeh? also developed a solu-
tion for the case treated by Ting and Brofman, using a more
systematic asymptotic method. The quoted results were
all concerned with the case of circular initial orbits and do not
shed any light on the more interesting case of an arbitrary
elliptic starting orbit.

In the closely related problem of ascent by tangential
thrust, Zeet and Cohen? attempted to solve for the oscillatory
terms in the radius contributed by the ellipticity of the initial
orbit. Their solutions suffer from the presence of unneces-
sary assumptions that restrict the validity of the results to
small eccentricity in spite of the complicated approaches
proposed.

In another recent paper, King® considered the question of
descent from a parking orbit by low thrust, but did not dis-
cuss the analytical implications of this reversal of the usual
role of low thrust.

In this paper, the following generalizations are made. The
initial elliptic orbit is not restricted in any way, and the impli-
cations of negative thrust (i.e., thrust opposing the motion)
are fully investigated. The solution is developed to second
order by the two-variable expansion procedure developed by
Cole and Kevorkian’ and Kevorkian.® This method, which
has been applied to two other problems in celestial mechanics
by Eckstein, Shi and Kevorkian,** is a generalized asymp-
totic expansion procedure that provides uniformly valid de-
velopments for the coordinates appropriate to satellite
problems.

At this point, a brief review of the diverse methods applied
to the solution of this problem is appropriate. In the dis-
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cussion of takeoff from a circular orbit by tangential thrust,
Tsien! encountered a problem in matched asymptotic ex-
pansion (cf. Kaplun and Lagerstom!! for a discussion of this
subject) to first order, simply because the oscillatory terms
multiplied by the eccentricity were absent for this degenerate
case. Itisin the pursuit of the preceding line of attack that
complicated splitting of oscillatory and non-oscillatory terms
was needed in Ting and Brofman’s? approach. Kevorkian®
has shown that, for problems consisting of slowly modulated
oscillations such as the present case, one cannot represent the
solution in terms of one variable,t and this is the motivation
for the development of a procedure involving the explicit
use of more than one independent variable. It should also be
pointed out that the equivalence of the aforementioned with
other generalized asymptotic expansion procedures (cf. Mor-
rison!? for a comparison of the modified method of averag-
ing with the two-variable method) leaves open the choice
of diverse methods which are indeed equivalent under a care-
ful serutiny.

A case in point is the almost exact correspondence of Nay-
feh’s® derivative expansion method and the two-variable
method, or the fact that the stroboscopic method employed
by Zee* (cf. Minorsky!® for a brief discussion) is a crude ver-
sion of the method of averaging.

In addition to this diversity of equivalent methods for the
asymptotic solution of problems in nonlinear oscillations,
oceasionally direct solutions are also attempted (cf. Cohens3).
This approach starts by neglecting a sufficiennt number of
terms (by a priori and sometimes inconsistent estimates) to
allow the emergence of a manipulative solution. One also
encounters perturbation solutions (cf. Johnson and Stumpf??)
containing mixed secular terms and thus valid only for periods
of order unity.

The validity of the present results is evaluated for both
ascending and descending trajectories, showing the greater
generality of the latter and pointing out the failure of all
attempts made so far in developing uniformly valid ascending
orbits up to and beyond escape.

Since the present problem is concerned with constant thrust,
it may be worth mentioning that extensive numerical studies
have been discussed by Irving.?* Irving has indicated that,
for almost all the optimum trajectories run, the absolute
magnitude of the thrust acceleration stays nearly constant
throughout the run; it is not too surprising, then, that a
constant acceleration caused by thrust appears also to be
desirable for the escape problem. He also shows that the

1 Incidentally, the failure of the so-called PLK method, in-
volving the expansion in terms of one stretched variable, as
pointed out by Nayfeh? is also evident without detail demonstra-
tion for the problem.
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Fig. 1 Ascent from an
elliptic orbit by a small
thrust.

solution caused by the constant tangential or the constant
circumferential thrust is nearly optimum up to escape.

2. Equations of Motion

The planar motion of a satellite accelerated by a low thrust
in a central force field is governed by the following equations:

(dxr/dt?) — r(d/dt)? = —(1/r?) + e cosae  (1a)
(d/dt) [r*(d8/dt)] = re sina (1b)

where » and 6 are polar coordinates in the plane of motion.
The small dimensionless parameter e denotes the ratio of the
magnitude of the thrust vector to the initial weight of the
satellite at its initial distance. The orientation of the thrust
veetor 1s assumed to be in the plane of motion and is specified
by the angle o measured from the local vertical towards the
forward thrust direction; both e and « are assumed to be
constant. The small parameter e is always positive, and
sine is positive or negative depending on the direction of the
thrust (see Fig. 1). The radius vector » and the time ¢ are
nondimensionalized, such that the unit of length is the initial
value of the radius vector ro and the unit of time is (ro/g)/2,
where ¢ is the gravitational acceleration at ¢ = 0.

The present formulation can be reduced to a form conven-
ient for problems of this type by introducing the following
set of new variables

w=1/r (2a)
f = [r*db/ay)]? (2b)

and regarding 6 as the independent variable. The governing
equations (1a) and (1b) then become

(d2u/d6% + u = f2 — e[(f*/u?) cosa + (f*/u?) (du/df) sina]
(3a)
(df/df) = —e(f3*/u®) sina (3b)

The foregoing system of nonlinear equations for w and f is
to be solved in terms of 6, subject to the following initial
conditions atf = 0,

£(0) = foo (4a)
%(0) = foo?[l 4 € coswe] = 1 (4b)
du(0)/d8 = foeo sinwy (4¢)

where foo and wp are arbitrary constants and 0 < e < 1.
The significance of expressing the initial conditions in the
foregoing form will be apparent later. Quite generally how-
ever, ¢ and wp can be expressed in terms of the initial values
of f, u, and du/d@ according to equations (4a-4c) as follows:

e? = 1//(0)4{ {1 — f(0)*] + [du(0)/d6]*} (5a)

wy = mn_l[du(())/do}

L - for o

3. Expansion Procedure

The two-variable expansion procedure, developed by Cole
and Kevorkian, is particularly suited to the development of
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a uniformly valid asymptotic representation for the solution
of equations such as (3a) and (3b). The reader is referred to
the work of Kevorkian® for a detailed discussion of this
method. In addition to the foregoing references, the papers
by Eckstein, Shi, and Kevorkian® ! illustrate the application
of the two-variable method to problems in celestial mechanics,
in which, as is the present case, small perturbations are im-
posed upon a Keplerian motion.

The two time-like variables appropriate for this problem are

6 =0 = eb (6)

It is assumed that v and f may be expressed as explicit func-
tions of ¢ and ¢ in the following asymptotic form

N

u = ;) ui(g, P& + 0(eM ™) (7a)
N

= Zoff«tu $)ei + 0(eN+1) (7b)

One can then calculate from Eq. (3) the following equations
governing the first three terms in the expansions for » and f:

(0%uo/0?) + uo = fo? (8a)
(0fo/0¢) =0 (8b)
(0%1/0¢%) + w1 = —2(0%uo/0p0P) + 2fofs —
(fo? cosa/ue®) — fo? (sina/uo®) (Que/O¢) (9a)
0f1/0¢) = —(0fo/0d) — (fo’/uo?) sinex (9b)
(Q%2/09%) + uy = —(Q%uo/0?) — 2(0%u1/0¢0) +
(i + 2fofs) + [2fo*us/ue®) — (2fof1/ue?)] cosa —
(2fof1/10®) (Quo/O¢)sin « +
(Buy fo? sina/ue*) (Quo/¢) — (fo? sina/uo®) X
[(Qu1/0¢) -+ (Quo/0p)] (10a)
(afl/a¢) = _(bfl/a(ﬁ) s (3f02f]/uO3) sina +
[(3fo%u1) /uet] sina  (10b)

According to Eqgs. (4), the following initial values for the u,
f; and their derivatives must be imposed:

fo(0, 0) = foo (11a)
(0, 0) = fu?[l + e coswo] = 1 (11b)
[0ue(0, 0)/0¢] = fure sinwo (11c)
and

7:40,0) = 0 (12a)
ui(0,0) = 0 (12b)
[0u:(0, 0)/0¢] 4 [0uii(0, 0)/0p] = 0 (12¢)

for 7 = 0.

4. Solutions Including First-Order
Perturbations
The solution of Eq. (8) for u, and f, defines these variables
in the form
fo = fold) (132)
uy = fo*{1 + e(@) coslp — w(@)]} (13b)
associated with Keplerian motion, where now the elements

e and »§ and the angular momentum fo=' are functions of
¢ and hence vary slowly with time.

§ Note that ¢ and , although closely related to the usual ellip-
tic parameters, are not osculating elements as general!y used in
astronomy, because they do not contain any short-period terms.
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Comparison of Eq. (18) with Eq. (11) shows that the initial
values of e, w, and fy are the constants ey, wo, and fu, respec-
tively, WhICh were introduced in Egs. (4). The unknown
functions fo, €, and w are determined by the requirement that
the expansion (7) be consistent and hence contain no terms
proportional to ¢ to 0(e). Thus, the straightforward integra-
tion of Eqgs. (9) provides the conditions governing the three
unknown functions occurring in Eqs. (13), as well as the
formal structure of the perturbation terms fi and w.. The
results are summarized below.

In order to eliminate an inconsistent term proportional to
¢ appearing in fi, one must set

(@fo/dp) = —(sina/2f¥)[(2 + ¢ /(1 — )¥?]  (14)

and the removal of mixed-secular terms proportional to ¢ sing
and ¢ cos¢ in u; [which are also inconsistent with the uni-
formity of the development in Eqs. (7)] leads to the condi-
tions

dw/dd = cosa/fi*(l — e2)¥2 (15)
de/ddp = —3F[e sina/fo(1 — €2)%2] (16)

The perturbation terms f; and w; can then be expressed in the
form

fi= — iu}‘_x S % sink(¢p — w) + fu(d) (17)
_cosar [ by e
w = 7 [ Z cosk(¢> - w):l
sine = kbor, Snk(h — 9 il{lgz
DT ke — @) = 25§ e

2
sink(¢ — «) + 2o(P) fiold) + A(¢) Sln(¢ — @ +
B(g) cos(p — w) (18)

where the infinite series occwrring in Eqgs. (17) and (18) arise
from the development of 4~ in Eqs. (9) in its Fourier series
according to the formulas shown in Appendix A. The terms
fuw, 4, and B are unknown functions of ¢ arising in the solu-
tion of the homogeneous equations, and will be determined
from conditions upon the terms of 0(e?) of the solution
[Egs. (30-32)]. Equations (14-16) simplify considerably if

e =0 (19)

since, in this case, the solution for the eccentricity is the
trivial one

e@) =0 (20)

This special case which corresponds to the sclution of Tsien,!
Ting and Brofman?, and Nayfeh? is contained in the results’
of the present paper [Eqs. (27-29)]. Clearly, a solution
for o = 0 is of little practical value unless the stability of such
a limiting case is also demonstrated. For a closely related
problem, Zee* has given a soluticn to first order in the eccen-
tricity by the stroboscopic method. Cohen’ tackles the
problem of small tangential thrust by assuming at the outset
that the cosine of the flight path angle is equal to unity in the
equations of motion, and claims that his results are more
accurate than those of Zee* and remain valid as long as the
eccentricity is less than 0.2.

Clearly, it is inconsistent to impose a priori bounds on the
eccentricity, with no further justiﬁcation An important
motivation for the present paper is the need for a thorough
discussion of the foregoing assumption according to the gen-
eral results contained in the solutions of Eq. (14-16).

The following three integrals are easily derived from Eggs.
(14-16), and define the solution of this system completely

T These Fourier developments were also used in the earlier
work of Refs. 9 and 10.
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Fig. 2 Variation of eccentricity of an ascending satellite.

for all eccentricitiestt

W — wy =

—3 cota log(e/ep) (21)
[/ — e)'2] = [e3/(1 — eo®)'*](fo/foo) (22)
and
(L= N BRY, B) =~ (1= et
3THEE (Yo, k) — 42 [sina/(1 — e?)?] (6% /fu®d (23)

In Eq. (23), F(Y, k) is the elliptic integral of the first kind with
amplitude ¢ and modulus %, where

cosp = [6% — 1+ (3)12]/[e2t — L = (3)12]  (24a)
and
= {[2 + (3)¥?]/4} = sin2(5x/12) (24b)

Equation (23) gives ¢ as a function of e which can be in-
verted in principle and then used in Eqgs. (21) and (22) to
express w and f as functions of ¢. The relationship between
e and ¢ according to Eq. (23) is shown in Figs. 2-5.
In Fig. 2, the initial conditions are foo = 1, & = 0.1 for an
ascending orbit (¢ = 90°). The dotted line is obtained
from the approximate formula (27) for small e. It can be
seen that e approaches zero rapidly as ¢ reaches the point
where the solution has its singularity. According to Fig. 2,
this oceurs at ¢ = 0.24, where ¢ = f, = 0, saying that the
angular momentum goes to infinity. For instance, if the
initial thrust-to-weight ratio e = 1074 the singularity is at

@
a"
g

0.6 _ =

08 =

Fig. 3 Variation of eccentricity of a descending satellite.

11 Note when e, — 0, the argument of pericenter w is undefined
as expected.
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Fig. 4 Variation of eccentricity of an ascending satellite.

¢ = 0.24 X 10* or after approximately 38 revolutions. Note
that the approximate formula gives very good results in this
case where e is small.

Figure 3 shows the corresponding plot for a descending or-
bit (¢ = 270°) with the same initial conditions. Starting
from a small value, the eccentricity grows very large for

large ¢. Figures 4 and 5 are analogous to Figs. 2 and 8, but

with eo = 0.5 as initial value. In this case, the singularity
according to the solid curve in Fig. 4 is at ¢ = 0.015, corre-
sponding to about 24 revolutions if e = 1074 As expected
for an injtial eccentricity that large, the approximate formula
(represented by the dotted line) is no longer a good approxi-
mation.

For Keplerian motion, the angular momentum is related
to the elements e and a (semimajor axis).

fo? =o(l —¢) (25)

Use of this relation reduces Eq. (22) to the following simple
and instructive form

e'a® = const = eylae® (26)

Several interesting conclusions now follow from Eq. (26).
For ascent from a satellite orbit, i.e., for sine > 0, Eq. (23)
shows, as expected, that the eccentricity must decrease ac-
cording to Eq. (26). Thus, for ascending orbits, the eccen-
tricity is a maximum initially and tends to zero as the orbit
evolves. Therefore, the solution corresponding to ¢ = 0
is a stable one, and it is consistent to neglect higher order
terms in the eccentricity if e, is small and sina > 0.

Conversely, for descending orbits by means of constant
small thrust, i.e., for sina > 0, the semimajor axis decreases
and the eccentricity approaches unity. Of course, in an
actual problem involving an attracting body of finite dimen-
sions, the particle will have collided with the surface before
the eccentricity becomes unity.

The instability of the eccentricity for descending orbits
precludes meaningful approximations of the solution wherein
¢ is assumed small or constant. For example, the problem of
descent to the lunar surface by small thrust from a parking
orbit around the moon (cf. King®) cannot be treated by a
small eccentricity theory unless the altitude of the parking

~orbit is also very small. However, under the assumption
sing > 0, e < 1, Egs. (21) and (23) give the following ex-
plicit results valid to first order in e

e = efl — [(4sina)/fu'] $}¥* 27)
fo = foo{l — [(4 sina)/fu*]p} 1/ (28)

and
@ = wp — % cobe log{1 — [(4 sine)/foo?ld} (29)

which are exactly the same as those of Nayfeh? when ¢, — 0.
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5. Higher Order Solutions

Equations (13), together with the relations for the slowly
varying elements given by Egs. (21-23) (or Egs. (27-29) if
& < 1, sina > 0); define an ellipse and the variation of its
elements caused by the effect of the first-order perturbations.
The evaluation of the unknown functions appearing in Egs.
(17) and (18) will define the orbit to a higher approximation.
This requires the consideration of the second-order perturba-
tions as represented by Egs. (10).

The requirement that u, and f as obtained from Egs. (10)
be bounded provides the following equations governing A4
B ; andfm ;

df/dp = [3(2 + Te® + e4)/2(1 — e2)7?](siner/fo)f1o —
[Be(4 + €2)/2(1 — e1)"2](sina/fe") B + Qi(fo, &) (30)
dB/d$ = [e(14 + 17¢* — €% /(1 — e)"*](sina/fo®)fr0 —
37 + 25e* — 2¢9)/(1 — e (sina/fe) B + Qu(fo, €)  (31)
dA/d = —[2e(2 + €% cosa/f*(1 — €2)*?] fip +
[3e2 cosa/fo*(1 — €2)¥2]B — (sina/2foh) X
(7 — €e)/(1 — eD¥2]A + Qs(fo, &) (32)

)

where

3 sina cos
Q1=-—§ a al_

fo

and Qs and @ are given in Appendix B.
Since fo is a known function of e [Egs. (16) and (22)],
Eqgs. (30) and (31) can be written as

(if‘m 2 + Te? 4 et 4+ ¢ B

hd 1
Y Pt 5 b bm] (33)

de (1 — e?)? o + 1= o) JTO -+ gi(e) 34)
B _ _ 21+ 17— e
de ~ 3 1 — e2)? JoJu+ |
17 + 25e? — et
3 el —enr B + g.(e) (35)
where
gi(e) = Qi[—3e sina/for(1 — e2)3/2] ! (36)
and
go(e) = Q. —3e sina/fu'(1 — €232} 1 (37)

A set of solutions of the homogeneous equations correspond-
ing to Eqs. (34) and (35) is obtained by complicated manipu-
lations, the details of which are not indicated here. The

fgg=1"
0.2 ey =05 |
A a - 200

0.0 —L - a
0.0 0.1 0.2 0.3 0.4 0.5 0.5 0.7 0.8
i

Fig. 5 Variation of eccentricity of a descending satellite.
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following results may easily be verified by differentiation:
(fohu = [(2 4 €2)/3(1 — )% fi’] = Vu (38)
By = (T — €%)e/3(1 — €)% fo* = Vi (39)

The second set of solutions of the homogeneous equations
(cf. Martin and Reissner’® and Morse and Feshbach!?) is
then obtained as

Lfate [ dede (40)

(fisy = Vie = Ix a-— 62)7/'2 (1 — ed)i2

3

e €5/
Bl = Vo = par—ayan J =g T+ 2V G

The complete solution of Eqs. (34) and (35) is easily obtained
by use of the method of variation of parameterss.!7:

_ (gl Voo — do Vu)i :l
Tu = [Cl Fleuva s varn )7
’e k(gz Vn — 1 VzlL il
[02 P G Va = Ve %] e &
and
e (g1 Vo — 2] Vu) ]
B=1|C d
l: i €0 (sz Vu — Vo V21) ¢ Vﬂ T

[C. L @V V)
) € (V22 Vi — Ve Vﬁl)
The integration constants can be expressed in terms of the
initial values of A and B as

F1o® Vi@ — BO Y0

Cr = Voo V0 — 7,0 7,© (44)

de} V22 (4:3)

o BO® 7,0 — £,0 7, © )
g = -
Vop® V' — V@ V@

The superscript indicates the initial value of the corresponding
variables. The values of B and f1,'® are given in Appendix
C.

After substituting Eqs. (42) and (43) into Eq. (32) and
using Eqs. (16) and (22) one obtains

dAjde = [(7 — e3)/3 e(1 — e?)]A + g; (e) (46)

where gs(e) is given in Appendix B. The solution for 4 is ex-
pressed in terms of the initial value A as

I Sl T ¢ e -] —
4 = -7 A0 4 ) LD gs(e)e™72(1 e?) de
47)

“ e/2(1 — €% (1—

The value of 4 is given in Appendix C.

6. Solutions for Small Eccentricity

For small eccentricities, the previous results are simplified
considerably. If the terms proportional to e? are neglected
throughout Eqgs. (30) and (31) one obtains

(dfw/dd) = (3 sine/fo)fr — (6e sine/fe?)B —
(3 cosa sina/fy’)  (48)
(dB/d¢) = (14e sina/f¥)fie — (7 sina/2f*)B —
(23e cosa sina/2f%) (49)
As before, it is convenient to introduce fy as the independent
variable by use of Egs. (22) and (16). Equations (48) and
(49) then transform to
(dfw/dfo) = —(3fw/fo) + (Beo/fnn®?) X
(B/fo'%) + (3 cosa/fet) (50)
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dB _ € 7B | 23 e cosa
dfs - i4 Fo®? Jo¥2 fro 3 27, 2. foo¥? fo¥2

The homogeneous solutions of the preceding equations are
found to be

(51)

(fio)w = (2/3fe%) (B, = (Teo/3foe®? fol'®)  (52)
9 6014/3 . _ § 6011/3 s
(foohn = 3 for fo (B, = 3 foon/gfo/ (53)

It can easily be seen that the above homogeneous solutions
are the leading terms of Eqs. (38-41). The complete solu-
tions expressed in terms of the initial eonditions become

fio = (3 cosa/fo®) log(fo/fuo) + (36 sine sinwe/fo®) +
(6e0/ 7103 [(fo"/foo") — 11(cosa coswy + 2 sina sinwg) (54)
B($) = (fo2/f0*V?) [cosa coswo + 2 sine sinawy + ép(cosa X
sin%wo — 3 sine sinwg coswo) ] + 22 (0 cose/foe® /o) log (fo/foo)

— (eo cosa/4fe® /oD [1 — (fo'/foe)] (55)
Similarly Eq. (32) reduces to
(dA/dd) = — (de cosa/fu¥)fw — %(sina/fo)Ad —

Si(e sin?a/fe%) + (Te cos?a/2f) (56)

which has the following solution satisfying the initial condi-
tions:

A@) = [£7%/ (foo)*¥/2] [ —cose sinwg + 2 sine coswo +
eo(6 — 5 cosw) sina + e sin2wp cosa] 4
{ leo(4 cosax coter + 63 sina) 1/82fw¥2fet/?} X
[T — (fo'/fa’)] — Beo/fo®¥o!?) cosa coter log(fo/fw)  (57)

where fo was given in Eq. (28).

7. Special Case of Circular Initial Orbit

For the limiting case ¢ = 0, the foregoing results reduce to
the solution for circular orbits as discussed in Refs. 2 and
3. Substituting o = 0 and foo = 1 in the preceding solutions
aives the results summarized below:

f = fo+ efi +0(r) = fo + 3elcosa/fp®) logfo + 0(e?) (58)
u = u + eur + 0(e®) = fo? + €(1/f?) {cosa(6 logfo — 1) +
{fo)11/2 coser cos[¢p -+cota logf]

+ (Jo)*? sina sin[¢ + coter logfol} + 0(e)  (59)
where
Jo= (1 — 4 $sina)t/* (60)

which are in exact agreement with the solution obtained by
Nayfeh?in Eqs. (3.23) and (3.25) of his paper.

8. Conclusions

In summary, the solutions for arbitrary eccentricity are
given by Eqgs. (13, 17, 18, 21-23, 42, 43, and 47). For small
eccentricity, the results are expressed in simpler form by
Eqs. (27, 29, 54, 55, and 57); for circular orbits these results
reduce to Eqs. (58-60).

The present solution suffers from the same fundamental
deficiency that is inherent in all the quoted approximate
solutions for ascending orbits, viz., the results are only uni-
formly valid for the time interval measured from the initial
instant of takeoff, ¢ = 0to ¢ = 0(1/¢) subjected to the upper
limit set by the assumption of small thrust (cf. Ting and
Brofman?). Superficially, this is apparent in the singularity
that occurs in the semimajor axis at the finite value of ¢
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[Eq. (28)] given by
¢ = fw/4e sina (61)

It is clear that for sufficiently large times (of the order ¢7)
the original perturbation assumption is no longer valid, since
the particle moves into a region where gravity is less and less
important compared to the constant magnitude of the thrust,
no matter how small one makes the latter. Although it is
possible to develop a perturbation procedure valid for very
long times, i.e., one in which the thrust forces are dominant,
the problem of matching the two expansions is not a straight-
forward one. In fact, one can show that these two expansions
do not overlap in the sense of singular perturbation theory
(cf. Kaplun and Lagerstrom!! for general prineiples of mateh-
ing), and that some knowledge of the exact solution is re-
quired in order to connect the early phases of an ascending
orbit to the solution very far away from the force center.
It may be noted that Breakwell and Rauch'® recently estab-
lished such a connection for a special case by numerical in-
tegration. Treatment of this question, which is beyond the
scope of the present paper, will be reported later,19
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where b, @ is the value of b, fore = ¢ or ¢ = 0.
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Alfvén Waves and Induction Drag on Long Cylindrical Satellites

C. K. Cau* anp R. A. Grosst
Columbia University, New York, N. Y.

This paper studies the induction drag of long cylindrical satellites and the Alfvén waves
emitted from them. The potential and current distribution in the satellite is determined
from the plasma ion and electron fluxes and the photoelectron emission. The induction drag
can be significant, and at high satellite altitudes it is the major source of continual energy
loss. The Alfvén wave drag is identified as part of the induction drag and is not a separate

effect. Some numerical results are presented.

I. Introduction

HE electromagnetic effects and forces acting upon a

satellite or a vehicle moving in the ionosphere or a
rarefied plasma have been extensively studied and reviewed.1 =4
These reviews give a complete list of prior studies
of this subject. Recently, Drell, Foley, and Ruderman?
have called attention to the possibility of significant drag
effects upon a satellite which might arise from Alfvén waves
radiated from satellites of large physical dimension. They
analyze a large conductor moving through a rarefied plasma
that contains a magnetic field. By analogy with transmission
line theory they predict a pair of Alfvén wings which may
radiate from a large conducting satellite and they speculate
further upon the consequences and possible uses of this
power. Drell, Foley, and Ruderman, concerned with the
physical mechanism by which current can leave the satellite,
suggest photo-ejected electrons resulting from solar radiation
as the mechanism for electrical contact between the satellite
and the surrounding plasma. Although they avoid many
physical details about the satellite itself, there is some radar
evidence suggestive of long-range ionospheric disturbances
that may originate from Alfvén waves.® It is the desire to
clarify and analyze critically the work of Drell, Foley, and
Ruderman which motivated this present study.

The forces and torques acting upon a satellite are rela-
tively well known. They can be summarized as follows.

1) Aerodynamic: Charged particles and neutrals strike
and leave the satellite surface after exchanging momentum
with it. This effect includes outgassing of surfaces, ablation,
Auger neutralization of incoming ions, etc. Such aero-
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dynamic forces produce both drag and torque on a satellite.

2) Coulomb: The satellite electrical potential is in gen-
eral not equal to that of the surrounding plasma. The re-
sulting electric field surrounds the satellite for a distance of
several Debye lengths,

Ap = (kT /ne?) 2

Charged particles, which never touch the satellite physically,
are deflected by its electric field resulting in both a drag and
a possible torque.

3) Induction or Lorentz: If the satellite has an electrical
current flowing through it, which is not confined to the vol-
ume of the satellite itself, the interaction of this current with
the earth’s magnetic field will result in a drag and a possible
torque.

4) Eddy current: A conducting satellite’s motion may
induce currents resulting from induced voltage (V X B).
These currents confined within the satellite interact with the
magnetic field and produce a torque. There is no net drag
so long as the magnetic field is constant over the spatial
dimension of the satellite; i.e.|VB| « B/L

5) Radiation: Photons carry with them momentum and
when they are absorbed on the satellite they result in a radi-
ation pressure.

All of these effects have been studied in one case or an-
other. The study by Wood and Hohl? for the satellite Echo
I1 is particularly complete. For satellites in the ionosphere,
the major sources of drag result from the aerodynamic and
Lorentz forces. The Lorentz force on long conducting satel-
lites was studied initially by Beard and Johnson? They
compute the charged particle flux onto a long conducting
satellite in which there is a motion-induced electric field, and
they determine the resulting Lorentz drag. They do not,
however, consider a photoelectric flux of electrons nor do they
concern themselves with possible waves generated in the
plasma medium. The fact that the photoelectric current is
often significant is shown by the measurements of Bourdeau
et al.® on Explorer VIII. On the other hand, the work of
Drell, Foley, and Ruderman ignore the detailed particle



